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ABSTRACT. The Steenrod algebra structures of H*(BG; Z/p) for compact Lie
groups are studied. Using these, Brown-Peterson cohomology and Morava K-
theory are computed for many concrete cases. All these cases have properties
similar as torsion free Lie groups or finite groups, e.g., BP*4(BG) =0.

INTRODUCTION

Let BG be the classifying space of a compact Lie group G. Let p be
a fixed prime. It is well known that if H*(BG); has no p-torsion, then it
is a polynomial algebra generated by even dimensional elements. Therefore
the Atiyah-Hirzebruch type spectral sequence converging to the Brown-Peterson
cohomology BP*(BG) collapses and BP*(BG) ~ BP* ® H*(BG)() where ®
denotes completed tensor product (see §1). Hence we get:

(1) BP*(BG)= BP**"(BG).

(2) BP*(BG) is p-torsion free.
(3) BP*(BG) has no nilpotent elements.
(4) BP*(BG) is BP*-flat for finite BP*(BP)-modules. Moreover

BP*(BG x BG') ~ BP*(BG) ®gp- BP*(BG')

for all compact Lie groups G'.
(5) K(n)*(BG) ~ K(n)* ®pp- BP*(BG)
where K(n)*(-) is the Morava K-theory. Moreover if G is a classical Lie
group, we know

(6) BP*(BG) = Chgp(BG), the Chern subring of BP*(BG) generated by
Chern classes for all complex representations.

The main purpose of this paper is to show that the above properties hold
in many cases even if H*(BG) has p-torsion. Note that for the ordinary co-
homology theory H*(BG),), the corresponding properties (1)-(4), (6) do not
always hold, for example, H*(BG)(,) # H**"(BG)y) . Landweber showed (1)-
(6) hold for all abelian groups [L1]. Moreover he conjectured (2), (4), (6) for
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all compact Lie groups in [L3]. By [T-Y, Y2] when G is a direct product
of metacyclic groups or minimal nonabelian p-groups (1)—(6) hold. A result
of Hopkins, Kuhn and Ravenel [H-K-R] easily shows that when G is a finite
group, (2) implies

BP*(BG) — lim BP*(BA),

A runs through all conjugacy classes of abelian subgroups of G.

(7)

Remark that if a p-Sylow subgroup of a finite group G satisfies (1)-(7), so does
G.

On the other hand, Wilson showed that BP*(BO(n)) is generated by the
Chern classes of the complexification of the universal real bundle. By using
Wilson’s arguments, we show

Theorem 1. Properties (1)-(2) and properties (4)-(6) hold for direct products of
O(n), SO(2n+1).

The ordinary cohomology rings H*(BG; Z/p) for G = F,, PU(3) are
given by Toda [T1] and by Kono, Mimura, and Shimada [K-M-S]. We study
H*(BPU(3)) in detail, considering the relation to its abelian subgroups. Hence
we get

7y H*(BG; Z/p) — lim H*(BA; Z/p)

for G = PU(3). This was conjectured by J. F. Adams for all connected compact
Lie groups G and p > 3 and solved for G = F;, p = 3 by Adams and Kono.
We also know that there are only two conjugacy classes of maximal elementary 3-
abelian subgroups of PU(3). Moreover we can determine the Steenrod algebra
structure of H*(BPU(3)). Using these, we show

Theorem 2. Properties (1)-(5), (7) hold when G = PU(3) and F4 for p =3,
but (6) does not hold for G = PU(3).

Mimura and Kono study H*(BG; Z/p) for many compact Lie groups [K-
M 1, 2]. Also using their results, we get

Theorem 3. The properties (1)-(3), (7) hold when G = Spin(n)n < 10, G,, Fy,
E¢, PSU(4n+2) for p=2.

Bakuradze [B-N] showed that (1)-(7) hold for the normalizer group of max-
imal torus in Sp(1) x Sp(1). Hunton showed K(n)*(BG) = K(n)***(BG) for
some other compact Lie groups [H]. Inoue [I] determined BP*(BSO(6)) and
showed (1) for this case.

Conjecture 4. Assertions (1)-(5) and (7) hold for all compact Lie groups.

There are no application of these results now. However we hope BP*(BG)
can aid in the understanding of the ordinary cohomology H*(BG) which seems
so complicated in general cases. For example, we presume that the following
conjecture, which holds in all cases in Theorems 1-3, is true.

Conjecture 5. If G is a connected compact Lie group, then for each odd di-
mensional element x € H*(BG; Z/p), there is i such that Q,,x # 0 for all
m > i, where Q,, are the Milnor primitive operators.
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The authors would like to thank Norihiko Minami and Michisige Tezuka for
many conversations and Koemon Irie who pointed out errors in the first version.

1. BP AND RELATED COHOMOLOGY THEORIES

Throughout this paper, we assume that spaces X, Y mean CW-complexes
whose n-skeleton is finite complexes for each n > 0. Let BP*(—) be the
Brown-Peterson cohomology localized at p with the coefficient BP* =
Zplvi, ...1, |vil = =2(p' — 1). We consider the cohomology theories k*(—)
with the coefficient k* = BP*/(Ideal S), e.g., P(n)* = Z/p[vn, Unsy, --.],
P(n)* = Z(p)[vn ’ "']s BP(”)‘ = Z(p)[vl 5 ey 'Un] 5 k(n)* = Z/P['Un] ’ k(n)* =
Zp[vn], and K(n)* = Z/plv,, v, !]. We consider the Atiyah-Hirzebruch spec-
tral sequence E;'* = H*(X; k*) = k*(X). Hereafter we assume the conver-
gence of this spectral sequence and hence
(1.1) J* ok (X) = lim k*(xV).

N
Note that if X = BG or k" is a fine group, this assumption holds. (See [L3].)

Define a filtration FY(X) = Ker(j}: k*(X) — k*(XV)) of k*(X) and define
atopology in k*(X) by FV(X) as the fundamental neighbourhoods of 0. Then
(1.2) k*(X) =~ lim k*(X)/FN(X)

N

is a complete algebra. Let 4, B be k*-complete algebras with filtrations A",
BV . We define the complete tensor product ® by

(1.3) A ®+ B~ lim A&y.B/(AV&. B + A& BY)

where ® is the usual tensor product. Then if X and Y are p-torsion free,
then we can write

(1.4) kK*(X x Y) ~k*(X) @« k*(Y).

Note that —®;. — in this paper means that each element is expressed as infinite
sum.

Landweber’s exact functor theorem [L2] says that injectivity of the following
(1.5) forall n >0 (let p =1vy),

(1.5) Vy: P(n)" ®pp- BP*(X) — P(n)* ®p(n)- BP*(X)

implies the BP*-flatness of BP*(X) for finite BP*(BP)-modules. In particular
we have

(1.6) BP*(X x Y) ~ BP*(X) ®gp- BP*(Y) for all Y satisfies (1.1).

From the Sullivan exact triangles

BP*(X) £ P(1)"(X) 2 P(2)"(X) £ P(3)*(X) -
)4 \ s / U \ é ./ vy \ ./6
BP*(X) P(1)*(X) P(2)"(X)

the injectivity of (1.5) is equivalent to the assertion that p: BP*(X) — P(n)*(X)
is epic for all n» > 0 and is that

(1.7) P(n)*(X) ~ P(n)* ®gp- BP*(X).
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From Johnson-Wilson theorem [J-W], if X satisfies (1.7), then we get
(1.8) K(n)*(X) ~ K(n)* ®gp- BP*(X).
Lemma 1.9. If X and Y satisfy the injectivity of (1.5), then so does X x Y .
Proof. By the exact functor theorem for P(n)*-theory, we have
P(n)*(X x Y) ~ P(n)*(X) ®p(n)- P(n)"(Y),
which is isomorphic to
P(n)* ®pp+ (BP*(X)) ®p(n)- P(n)* ®pp- (BP*(Y)) ~ P(n)* ®pp- BP*(X x Y).
Therefore X x Y satisfies (1.7) and so (1.5). O

By the same argument as Theorem 3.3 [Y2], the kernel of r: BP*(BG) —
liLn BP*(BA); A all abelian subgroups, is nilpotent.

Lemma 1.10. The injectivity of r is equivalent to that BP*(BG) has no nonzero
nilpotent element.

Proof. We only need BP*(BA) has no nilpotent element. Consider the spectral
sequence induced from

O_)AI—)A-—)Z/p_'O.
Then
Ey* ~E3* = H(Z/p) ® BP* (4')/(p) ~ Z/ply] ® BP* (4')

for * > 0, since BP*(A4') is p-torsion free. Suppose a/ =0 in BP*(BA).

Let ySx # 0 € EX-" be the corresponding element to a. Since (y*x)' =
0, x! = 0 in BP*(BA')/(p). Let us write x/ = p'x', x’ # 0 mod p in
BP*(BA'). Then

al — p’x'ys — ,Ui'ys+r(p—l)xl in E;()Hr(p—l)),"

This element is nonzero because BP*(BA')/(p) has no v;-torsion. 0O

Therefore we get the following implications:
(1.11) 3)e (7)=(2) < ((1.7) for X = BG) & (4) = (5)
& (1) < (6).

Kuhn, Hopkins, and Ravenel showed that when G is a finite group, |G|~ !'r
is isomorphic. Therefore

(1.12) (2) & (7) for finite groups.

2. THE ORTHOGONAL GROUP O(n)

Before considering BP*(BO(n)), we consider cohomology operations ;.
Recall Qi1 = P7'Qi — QiP? (= Sq* Q1 + Q;Sq” for p = 2) and Qp =
% (Qo = Sq'). The first nonzero differential of the spectral sequence

(2.1) E}** = H*(X; P(m)*) = P(m)*(X)
is given by dypm_1 =V ® O .
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Lemma 2.2. Let E; = A[Qm, ..., Om+i—1] and Ey = Z/p. Suppose that there
is an E;-module injective E; ® G; C H*(X ; Z/p) and there is a Z/p-module
isomorphism

M
H*(X;Z/p)~PEi®G;
i=0
such that Qp -+ Qm+i—1Gi € Im p(P(m)*(X) —» H*(X; Z/p)) (for i=0 Gy €
Im p). Then the infinite term of the spectral sequence (2.1) is

M
Eg" =@ P(i+m)Qn- Qmsi-1Gi ® P(m)" Go.
i>0
Proof. By the induction on r for dypmir—1_y , we assume that Ey,mir—1 = 4,®B;,,
where

,
A, = @P(m +0)*OQm - Om+i-1Gi,
i=0

M
B, = @ P(m+1)"Qm- - Qmir—1(Emsr,i-r)Ci,
i=r+1

and where Epir i—r = A[Qmirs .- Omii-1]. Indeed, A9 = P(n)*Go and
By = P(m)* ® (@Y, E;®G;), hence Ay ® By = P(m)* ® H*(X; Z/p).

By the supposition of the lemma, all elements in A are infinite cycles. As-
sume d;x # 0, x € B. Since B is a P(m + r)*-free modules, it is necessary
s > 2p™*+" — 1. Hence consider dypmsr—1 = Upmyr ® Qmyr . Therefore

M
E2p"'+' = Ar @ @ P(m +r+ 1)‘Qm T Qm+r(Em+r+l ,i—r—l)Gi

i=r+l1
~ Ari1 @ By
Since Bjs.1 =0, we get the lemma. O

If H*(X; Z/p) = Eo,n=A(Qo, .., Qn), then
P(m)*(X) =~ P(n)*AlQo, ..., Om-1].
This fact is known as X = V'(n), Smith-Toda spectrum.
The BP-cohomology of the classifying space of the nth orthogonal group,

BP*(BO(n)) is computed by W. S. Wilson. Since H*(BO(n)) has only 2-
torsion, we need only consider the 2-primary part.

Theorem 2.3 (Wilson [W]).

BP*(BO(n)) ~ BP*[[c1, ..., cnll/(c1 —C) s ... s Cn—Cp)
where c; is the ith Chern class of complexification of universal real bundle and
c} is the Chern class of its complex conjugation.

Recall the Z/2-cohomology of BO(n) and (BZ/2)". It is well known
H*(BO(n); Z|2)—H*((BZ/2)"; Z/2)

{ {

Z2lwy, ..., un]— Z/2[x1, ..., X4l
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where w; is the ith elementary symmetric polynomial of x;. Then w; is
the ith Whitney class and ¢; = i*(¢;) = w}? for the complexification map
i: BO(n) — BU(n). The following lemma is just the P(m)*-analogue of Wil-
son’s (p. 359, Theorem 2.1 in [W]).

Lemma 24. Let G, be Z/2-vector space in H*(BO(n); Z/2) generated by
symmetric functions

2+l L2+ 25 2jq
le xk xk+1 xk+q s k + qg<n,

with 0<i; <--- <y and 0 < j <--- < j,; and if the number of j equal to
Ju is odd, then there is some s < k such that

25+ 27" < 2y < 25+ 25MHL

Then Gy satisfies the assumption of Lemma 2.2 and hence the infinite term of
the Atiyah-Hirzebruch spectral sequence converging to P(m)*(BO(n)) is

n
E;o’* = @P(m+r)*Qm"'Qm+rGr-
i=0

2h; 2hgeq
1

Proof. First note Qp - --Om4,G, is generated by functions of Y x;™ ---x; Pl

and hence is in Z/2[w?, ..., w2] which is in
Im p(P(m)*BO(n)) — H*(BO(n); Z/2))

since i*(¢j) = w}. The proof for satisfying the assumption of Lemma 2.2 is
completely the same as the proof of Wilson’s Theorem 1 [W, p. 360] except for
changing Q; to Qu,; and 2+l to 2v+m . QO

Corollary 2.5.
P(m)*(BO(n)) ~ P(m)* ®gp- BP*(BO(n)),
K(m)*(BO(n)) ~ K(m)* ®gp- BP*(BO(n)).

Proof. From Lemma 2.4, p: BP*(BO(n)) — P(m)*(BO(n)) is epic. O

It is well known that there is an isomorphism of Lie groups
Z/2x8S02n+1)~02n+1)
and hence
BP*(BZ/2) ®pp- BP*(BSO(2n + 1)) ~ BP*(BO(2n + 1)),

and BP*(BZ/2) is BP*-flat. Therefore BP(BSO(2n + 1)) is generated by
¢i (=w}?), 2<i<2n+1. The same facts hold for P(m)*-theory n > 1.
Hence p: BP*(BSO(2n + 1)) — P(m)*(BSO(2n + 1)) is epic. Therefore we
get Theorem 1 in the introduction.

Remark that the squaring operation is given by

i .
(2.6) sawe =Y (777 Duewjws 0<i<h.
J

i—]
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3. CoHOoMOLOGY OF BPU(3)

The projective unitary group PU(3) is defined as PU(3) = SU(3)/T" where
I" is the center of SU(3). Let us write

010 _ (w 0 0 w 0 0
31 a=[(0o0 1), b=[0 w20, é=[0 w0
1 00 0 0 1 0 0 w

where w = exp(2xni/3). Note that I" = (¢). The group generated by (a, b, &)
is E, the nonabelian 3-group of order 27 with its exponent 3. Consider the
elementary abelian 3-subgroups V; = E/T = (a) @ (b) and V» C T?, the
maximal torus of PU(3).

Quillen [Q1] proved that for a compact Lie group

(3.2) r: H*(BG; Z/p) ~ lim H*(BV ; Z/p)
4

is an F-isomorphism, where V' runs the conjugacy classes of elementary p-
subgroups of G. Here an F-isomorphism means Kerr c v/0; nilpotent ele-
ments and for each x, x?" € Imr for some s.

We will prove a much stronger result for G = PU(3).

Theorem 3.3. The restriction map
r: H*(BPU(3); Z/3) - H*(BV;; Z/3) ® H*(BV>; Z/3)
is injective.
Therefore {V], V»} is the set of the conjugacy classes of maximal elementary

3-subgroups in PU(3).
Let p be the canonical representation in SU(3) and

(3.4) A=pop ' SUB3) - SU(9).

Since p ® p~!|I" is trivial, 1 induces the representation A of PU(3). It is
easily computed.

Lemma 3.5. 9 Z0 =0 43
i s =9, J= mo >
Aaipl) =
x@'b’) { 0, otherwise.
Corollary 3.6. A|V; is the regular representation.

Think of PU(3) as U(3)/f‘ where T = {diagonal matrix (o, a, @), a € S'}
and n: U(3) — PU(3) is its projection map. Let T and n(T) = T be the
maximal tori in U(3) and PU(3).

The fundamental class nl(f') is generated as (f;, [, f3) where

f; = {diagonal(exp 2xit, 1, 1), t € [0, 1]}

and so on. Then it is easily seen n.(tl+ ) +f3)~= 0 and Kerz, = ({; +1,+13) .
Denote by t; € HX(BT; Z) ~ H'(T) ~ Hy(T) corresponding to ;. Let us
write u,v € H*(BT; Z) the corresponding elements to 7.(f;) and 7.(f)
respectively.
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Lemma 3.7. n*u=t —1t3 and n*v=1, —t3.

Proof. Since H*(BT ; Z) - H *(BT; Z) is monic we get the lemma from
(m*u, &) = (u, mf;) =1 (resp. 0, —1), i=1 (resp. =2, =23).

Here we note 7.(f3) correspondsto —u—v. O

Let us w1:ite Ty be the maximal torus of U(9) and (7o) = (t;[1 < i, j <
3). Then A*(t;j) = t; —tj. Since n*: H*(BT; Z) — H*(BT; Z) is monic,
A*(tij) = —A*(tj;) and A*(t2) =u—v, A*(ti3) =u, A (t3)=v.

Lemma 3.8. The total Chern class in H*(BT) for A|T is
CQAT) = A*(n(1+ 1)) = (1 = u?)(1 = v*)(1 = (u —v)?)
=14+ u+v)*+ u+v)* - 202w + uv + v?).
From Corollary 3.6,
Lemma 3.9.
C(AIV) = w(1 + A1a + A2b)
= (1-a®)(1-b%)(1 - (a+b)*)(1 - (a-b)?)
=1—(a®+ a*b? + a®b* + b®) + a*b*(a* + a*b* + b*)
where a, b € H?*(BVy; Z/3) is the Bockstein image of the dual element of a
and b, identifying H'(BV;; Z/3) ~Hom(V;; Z/3).

The cohomology of BPU(3) is given by Kono, Mimura, and Shimada

[K-M-S].
Theorem 3.10. There is an algebra isomorphism
H*(BPU(3); Z/3) ~Z/3[y2, y8, Y121 ® A(y3, ¥7)/J

where |y;| = i and J is the ideal generated by y,ys, y2y7 and y3y7 + y2ys.
Moreover y3 = By,, y1=Py3, and yg = By;.

Note that y3yg = —y3y2y7 = 0. Let Ry = Z/3[y2, y12] and R, = Z/3[ys, y12]-
Then there are Z/3-modules isomorphism

(3.11) H*(BPU(3); Z/3) ~ y3R1 & Z/3{1, y2, y3, ¥1}Ra.
Lemma 3.12. The ideal generated by y? is y3R, in (3.11).

Consider the induced map j;: BVY;, — BPU(3). Let a’', b’ be the dual
element of @, b in H'(V;; Z/3) ~Hom(V;; Z/3) and Fa' =a, Bb' =b.
The commutative diagram

BI' —— BSU(3) —— BPU(3)

as I

BT —— BE —— BW
induces the map of spectral sequences

E}* = H*(BV;; H*(BT; Z/3)) <— E}* = H*(BPU(3); H*(BT'; Z/3)).

Since H*(BSU(3)) and H*(BE) is known, we get dac’ = a'b’ in E;** and
dyc' =y, in E;'*. Therefore jiy, =a'b’.
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Lemma 3.14. jiy; = B(a'd’) = ab' — a'b, jiy; = a3b' — a'b?, and jiyg =
a’b —ab3.

The restriction y;|(a) = 0 for i # 12, but cs(4)|(b) = b® # 0 from Lemma
3.9. Hence we can take y;; = —cs(4).
Lemma 3.15. Kerj} = y3R,.
Proof. We need only prove j;|(y3R;+y7R3) is monic. From Lemmas 3.12 and
3.14, (jiys, jiy12) is a regular sequence in Z/3[a, b]. Therefore jf(ys, yi2)
=0 implies f=0. Let ji(y3f+y78) =0 and j;f =F, jig = G. Taking
modulo a’, we get aF+a3G = 0 and taking modulo #’, we have bF+b3G =0.
This implies ab(a? — b*)G = 0, hence G = 0. The regularity follows g = 0.
By the same argument, we also get f =0. Of course jiy? = (a'b')2=0. O

Let j,: BT — BPU(3) be the map from the inclusion of the maximal torus.
Since H*(BT; Z) is torsion free, and is generated by even dimensional ele-
ments, we have

(3.16) J2y3=J3y1=Jsys = 0.

Since j3cy(A) = (u+v)* # 0, we can take jiy, = u +v. Therefore from
Lemma 3.9,

(3.17) a(A)=0, @) =e?, e==+1, cA)=0.

The formula c; = P2c;+c3¢) —ca(c2+¢2) = P2, —c3 implies y§ = (2e— 1)y} .
Hence we get e =1.

Lemma 3.18. The Chern classes cj(1) are represented by y2, y3, y1,, and y3
for j=2,4,6, and 8, respectively.

Comparing Lemmas 3.8 and 3.9 and considering the diagram

E —", yp) -

7
[ |+ |
Wo—— PUB) —— T —

N Ja Js

V2

we have a short exact sequence
(3.19) 0 — n*(Ker j;) 2 H*(BPU(3); Z/3) —» Kern; - 0
with 7n*(Kerj}) = Z/3[c1, csl{c2} < H*(BU(3);Z/3) and Kerzn} =
Z/3{Pla'b'}y c H*(V;; Z/3).

Using Lemma 3.18, (3.19), and Lemma 3.14, we decide the Steenrod algebra
structure of H*(BPU(3); Z/3), and have proved Theorem 3.3.
Theorem 3.20. P'y; = y;, By, =ys, P3y7 = yyi2+y3v}, P3ys = ysya,
Plyn =y +y12v3, Py =y1208 - ).

4. BROWN-PETERSON COHOMOLOGY OF BPU(3)
Recall (3.11) in §3,
A=H"(BPU(3); Z/3) = yjRi ® Z/3{1, y2, y3, y1} R,
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where Ry = Z/3[y2, y12]l, R2 = Z/3[ys, y12] and Qoy2 = y3, Qoy7 = ys.
Then H(A; Qo) ~ ¥3R; & Z/2[y1,] and its Poincaré series is

i P S 1
(1-2)(1-112) * (1-£12)  (1-4)(1-15)°
which is the Poincaré series of the polynomial algebra of degree 4 and 6 and
is equal to the Poincaré series of H*(BPU(3); Qo). Therefore the Bockstein
spectral sequence collapses, i.e., E; ~ E, . This means H*(BPU(3)) has no

higher 3-torsion.
Consider the Atiyah-Hirzebruch spectral sequence

P.S.(H(4; Qo)) =

(4.1) E}** = H*(BPU(3); BP*) = BP*(BPU(3)).
The E,-term is given by
(4.2) E;** = BP* ® {y3R, ® Ry ® Roy3 & Ryys)

where ﬁl = Z3)y2, »2l, §3 = Z3)[y12]. The first nonzero differential is
dyp—1 =v1 ® Q1. Since Q1y3 = yg, we get

(4.3) E3;* ~ BP*{y}R, ® R3} ® BP*/(3, v1) ® {Ryys}.

These are all even dimensional elements and Ej;" ~ E3*.

Therefore we see BP*(BPU(3)) = BP®***(BPU(3)). Moreover each ele-
ment in E; " is nonnilpotent, we get BP*(BPU(3)) has no nonzero nilpotent
element. Hence (1)-(3) and (7) in the introduction hold.

However (6) does not hold as following. Recall the representation ring
R(SU(3)) = Z[1, 1] where 1 is represented by the character of the canonical
representation p and 7 is its conjugation. The representation ring of PSU(3)
is easily deduced as the subring generated by

(4.4) {1’lc+2d =0 mod 3, c,d € Z}.
For ¢,d >0, let M(c, d) is the corresponding PSU(3)-module.
Lemma 4.5.

iy [ 3, i=j=0mod 3

aihiy = ’ ’
Xmc,a)(@'d’) { 0, otherwise.
Proof. This is easily seen from the facts T,(f x g) = T,(f)7T,(g) and

. —j 3, j=0mod 3
(7Y = v, ] - s s
xi(@) = x:(b') { 0, otherwise.

Corollary 4.6. M(c, d)|V; = 3t4=2 (regular representation).

From Lemma 3.9, yg|V; ¢ Image A*(H*(BU(3)) — H*(BV;)) where 4 is
the regular representation.

Corollary 4.7. Since y3 ¢ Chpp(BPU(3)) and y3 ¢ Chgp(BPU(3)), we have
Chgp(BPU(3)) # BP*(BPU(3)).

We now consider the BP*-module structure of BP*(BPU(3)). The BP*-
algebra structure of BZ/p is well known:

BP[[ul)/lp)(w),  |ul=2,
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where [p](u) = u +pp --- +pp u is the pth product of the formal group law
over BP*-theory. Note that [p](u) = Y v,#”" mod (p, vy, ...)? and Qu(a) =
p(w)?" where H*(BZ/p; Z/p) ~ Z/p[p(u)] ® A(a) and p: BP — Z/p be the
natural map. This fact extends as the following lemma.

Lemma 4.8 [Y1]. Ifthere is a relation Y v,x, =0 in BP*(X), then there exists
y € H*(X; Z/p) such that Q;(y) = p(xi).

Theorem 4.9. Let us fix elements f(y;) € BP*(BPU(3)) with p(f) = f, ie.,
p(12) = Y12, p(F3) = y3. There is a BP*-module isomorphism BP*(BPU(3))
o~ (BP*Szf’% @ BP*{[} ® BP*S3¥s) ®S|2/(11 , Ip) where S; = Z(3)[[)7i]] and

I = Evnén(y7), L= Zvnén(yil) mod (3’ U1, )2

Proof. From (4.3), there are relations such that I} = pyg+--- and I, = v,yg +
. Since Kerp(BP*(BPU(3)) —» H*(BPU(3);Z/3)) = (v1,v2,...), We
have the theorem from Lemma 4.8 and Qyy; =ys, Qiy3=yg. O

Lemma 4.10. Let us write e; = Q;y3 and X =y3, Y =y?,. For i=2j+1>0,
ei = fi(X, Y)ys and ey = gi+1(X, Y)ysy12. Moreover,

8i+1 = (f;)3YX2 + fi3 ) fiva= (g,{+1)3Y3X + 3'1‘3+1(Y2 +X?),
where f' = 0f/0Y and g' = 0g/dY . In particular, e; = 0, yg, yi2)s,
y3(X2+Y2) for i =0, 1,2, 3, respectively.
Proof. Let us denote P*a by #=1/2a|. For i > 1,

eivt = Qis1y3 = (PP Qi — QPP )y = PP Qiys = PPe.
Here we note |e;| = 2(p' — 1). Therefore
eis1 = P* ey = P fPPyg + PP g
= (P )3 + ysyna
Note P*-1X = 0 and P*-'Y = 2y},(-yd) = y,p§ since Py, = —y¢.

Therefore o ) .
PR XY =y A (XX

This means P*~1 f = (f')3Y Xyp,ps and ey = {(f')3Y X2+ f3}ygyra.
Next consider e;.,. We have

i+1

eiv2 =P e;=P* (gysy12)

= (&)Y Xynys)yiyi + & (vsvt + ¥4)
=&)X +g(Y*+X?). O

Lemma 4.11. Let us write d; = Q;y7. Then for i > 2, d;i = (ei_1)?. In
particular, d; =yg, 0, y3, (yiays)® for i=0,1,2,

Proof. By induction, for i > 2,
Qidi=P" di_y = PV (ei))! = (P*'ein)’. O

>
3.

Lemma 4.12. A greatest common divisor of (e;/ys) for all i > m is equal to 1.

Proof. We assume that f; has no double root and X, Y as root. Then f;
and f] have no common divisor. Suppose g;;; and f; have same root. Then
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from Lemma 4.10, f; and f have same root and this contradicts to the first
assumption. Since g/., = (fi)*X?, gi;1 and g,, do not have the same divisor
since so do not f; and f}. Similar facts hold for i+2. O

Corollary 4.13. The elements I} =1,/ys, I, =1,/y3 are prime for each m >0,
that is, for m > 0 if al{ + bI; = 0 in P(m)* ® Sg ® Si2, then a = a'l, and
b=-al] in P(m)* @ S ® Si2.

Proof. Note that I| = Upfm + Umt18m¥12 + -+ and I} = Um(gm—1¥12)> +
Umpt(fm)3 4+ If I{ = ab, then a is unit or b is unit from Lemma 4.12.
These facts follow the corollary. O

Theorem 4.14. P(m)*(BPU(3)) ~ P(m)* Qgp- BP*(BPU(3)).

Proof. Suppose that px = 0 in BP*(BPU(3)). Then pX = al, + bl in
BP* ® Sy ® S;29% . Hence 0 = al; + bl; in P(1)* ® S§ ® S1,9¢. This means
also 0 = al{ + bI;. Hence a = I;)a’ and b = —I{a’ mod p. Therefore
a=DhLa+pa", b=-Ia'+pb” in BP*®S3®S1,. Hence px = plia" +pLb" .
This means X = I,a” + Lbb” and X =0 in BP*(BPU(3)). Therefore there is
no p-torsion in BP*(BPU(3)). Hence when m = 1, the theorem is proved.
The case m > 2 are also proved by the same argument from Corollary 4.13. O

Therefore G = PU(3) satisfies (1)-(7) in the introduction.
5. SO(4) FOR p=2 AND F; FOR p=3

Recall H*(BSO(4); Z/2) = Z/2[w,, w3, wg] and Qow, = w3 . It is known
that there is no higher 2-torsion
(5.1)  H*(BSO(4))p) ~ (Zp)[wi]® Z/2[ws, wil{w3}) ® Zy)[wal.
Consider the Atiyah-Hirzebruch spectral sequence
(5.2) E}'* = H*(BSO(4); BP*) = BP*(BSO(4)).
From (2.6), Qw3 = w? and Qws = wsws. Let us write 4 = BP*[w?, w2].
Then from d,,_; = v; ® Q;, we have
(5.3) E}* = A® 4/(2, v)[wil{w}, waws).
This module is a direct product of a free BP*-module and a free BP*/(2, v,)-
module. Hence the next nonzero differential is d;,:_; = v, ® Q2. Since
Qywsws = wiw? , we get
(5.4)  Ej = A{1, 2w} @ B{wi}/(2, v1) © Blwil{wiwi}/(2, v, v2)
where B = BP*[w?, w?]. Since E; " is generated by even dimensional ele-
ments, we see E;p ~ Eo .

Theorem 5.5. There is a BP*-module isomorphism
BP*(BSO(4)) ~ A{1, 24} @ B{w}}/(1, I)
® Bllwil(w}wi}/(hid, yw}, Is)
where A = BP*[[W}, W}]], B = BP*[[w}, W3]], and Iy = ¥ vnQu(wyws),
L =Y v,0n(w3), and I = Y v,Qn(wiwg) mod (2, vy, ...)2%.

Properties (1)-(3) and (7) hold immediately. Properties (4), (5) are proved
by the arguments similar to the case G = PU(3), but a little difficult.
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Lemma 5.6. Let I| =1;/(w}), I} = L,/(w}), and I} = I;/(w}w}). The ideals
I{ and I, are prime in P(m)* ®pp- B. If al} € Ideal(I, I,) in P(m)* ®gp-
B[[w?1], then a € 1deal(I5, I,).
Outline of proof. By the arguments similar to Lemma 4.10, we have n > 2
Onwiwy = (w3 f(X, Y))* where X = w3, ¥ =w},
Onrwiwy = (wawy(f2+ YX(f')?)* where f'=0f/0X,

and Q,w3 = 24/Qns1(w3w,) . Hence we can prove I, I, are prime in §®Bp.
P(m)* . Moreover we can see for n > 2

n—2
On(wiwy) = wiw}? mod wj.

Suppose aly = bl + byI; in P(m)* ®pp- E[[u”;f]]. Here recall that (we
assume m even)

Ii = (Um + Ums2W3 + Va3 + - - )w; mod 1IJ22 s
I = (U1 + Umy3@} +--- )03  mod w3,
I3 = (Um + Ums1Wg + U2 W +---)W; mod ’lf)%

Then we can easily see a = bjI] + bjl; mod w2. Now take out
(@ = a - biI} — byI,)I; from both sides of the supposition. Next, divide both
sides by u?% . Using these arguments, we can prove this lemma. 0O

From Lemma 5.6, we can prove
(5.7) P(m)*(BSO(4)) ~ P(m)* ®pp- BP*(BSO(4))
and also prove (4), (5) in the introduction.
Remark 5.8. 1t is easily seen
BP*(BSO(3)) ~ BP*(BSO(4))/(w2, 21b4)
~A® B{wd}/(I, I), where A= BP*[[&]).

Next consider G = F4, p = 3. By Toda [T1] cohomology of H*(BFy; Z/3)
is known.

Theorem 5.9 (Toda).
H*(BFy; Z/3) ~ Z/3[x36, Xa3] ® C
for
C=Z/3[xs, xs]® {1, X20, X3} & Z/3[X26] ® A(X9) ® {1, X0, X1, X25}
where two terms of C have the intersection {1, x5} .

Toda also determined the Steenrod algebra structure completely. (See The-
orems I-III in [T1]). For example, fx; = x;;; if x;;; exists. Let R, =
Z/3[xs, x3], Ry = Z/3[xg], and R3 = Z/3[x3]. Then it is easily computed
in C

KerQy = {1} @ x4R, & Xng @ X20X4R 1 D X20x3R>
8] x220R| @ X26R3 ® x21R3 ® X9R3 ® X9X21R3
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and
Ker Qo/Im Qg ~ {1} ® x4R, ® X3 Ry ® X4X20R; ® XgX20R2 ® X2 R;.
The Poincaré series of Ker Qp/Im Qy is
P40 16 4 48 1
- T T-F T =1 (1 = 2’
Therefore we see

1+

Proposition 5.10. There is no higher torsion in H*(BF3) ).

Remark. This fact is also easily proved by using the Becker-Gottlieb transfer.
For the fibering # — B Spin(9) £, BF,, we have p,p* = xx(m) = x3. Since
H*(B Spin(9))3) is 3-torsion free, there is no higher 3-torsion. This argument
is also applied for PU(3), p=3 and Eg, p=5.

Consider the Atiyah-Hirzebruch type spectral sequence E;** = H*(BFy; BP*)
= BP*(BF;). Let S| = BP*[x4, x3], S» = BP*[xg], S3 = BP*/(3)[x26], and
D= Z(3)[X35 s X48] . Then
E;>* = (BP*{1} @ S1x4 ® S2x3 © S1XaXz0 ® SaXgXa0 ® S1X%

®S3 ® {X26, X21, X9, XoX21}) ® D.
The first nonzero differential is d»,—; = v; ® Q) and we know, from Toda,
Q1x4 = X9, Q1X20 = Xzs5, Q1Xx21 = X26. Let
A= (BP*{I s 3x4} b Sle 7] Szxg @ S1X4X20 B Saxg X0 D Slxzzo).

(5.11)

Then
(5.12) E}" = (4 S3/(vi1){x9, x26}) ® D.

Next nonzero differential is d;j2_; = v, ® Q> and (rx9 = x6 . Therefore
(5.13) E}; = (A®S3/(vr, v2){x2}) ® D.

Since this is generated by even dimensional elements E;p’; ~ E*;* . The prop-
erties (1)-(3), (7) hold from (5.13).

Theorem 5.14. There is a BP*-module isomorphism
BP*(BF;) ~ A® D & BP*[[%x]l{%2} ® D/(I1, 12, I5)
where I} = ¥ vuQn(x25), I = ¥ vaQn(x21), and
L= Z'u,,é,,(xg) mod (3, vy, ...)>%

The properties (4) and (5) are proved by the arguments similar to the argu-
ments 4.11-4.14 and 5.6, but some more complicated. Note that Q,(x;) are
computed by Theorem III in [T]. For example, Q,(x3) = 0, 0, x36, X36X26,
Xa6(x3s+x%) for n=0,1,2, 3, 4, respectively. For n =even > 2, Qu(x9) =
X26f(X,Y) with X =x§,, Y =x. Then

Oni1(x0) = x36x26((f )3 X2Y + f3) = x36x26g mod x

and

Qns2(X9) = X26(Y X3(g')* + g (X +Y))  mod x5,
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where f'=0f/0X.
6. G=G,, F,, Eg, aND Spin(n), n <10
The mod 2 cohomology of B Spin(#n) is given by Quillen [Q2]
(6.1)

H*(BSpin(n); Z/2) =~ Z/2[wn(A)]® Z/2[w;, ... , wa]/(Qiw2|0 < i < h)
where A is a spin representation of Spin(n) and 2" is the Radon-Hurwitz
number (see [Q2, p. 210]). When n <9, H*(BSpin(n); Z/2) is a polynomial
algebra generated by wy, we, w7, wg, and wx(A). Note that G, — Spin(7)
and
(6.2) H*(BG2; Z/2) = Z/2[ws, we, wr).

Cohomology BG, and BF, is given by Borel [B].
At first we study BP*(B(G,) and consider the Atiyah-Hirzebruch spectral
sequence. Since Qowe = w7, we have

(6.3) Ey* =A® A/(2)[wi){w;} where A = BP*[w,, wi].
Since Q w4 = wy, we get for B = BP*[w}, w}
(6.4) Ej," = B B{2ws} & B/(2, v1)[w7l{w-}.

The facts Qw7 = w? and dy,:_;(2ws) # vawsw; because dyy_j(VyWawr) =
vaw? # 0, imply
(6.5) E}’ = B® B{2ws} ® B/(2, vi, vy)[wi{w3}.
Theorem 6.6. Ex;* ~ E; p',* and we get

BP*(BG,) ~ B ® B{2s} & Bl[w}]{w}}/(I,, I, Iy)
where I, = Y UnOn(wrwg), I = Y 0,0n(wrws), Iz = ¥ 0,Q0n(w7), and
B = BP*[[w}, w?2]]. Hence BP*(BG,) satisfies (1)-(3), (7).

Remark 6.7. The ideal (I,, I, I;) seems to satisfy the similar property in
Lemma 5.6. However we cannot prove it yet.

Let us write by E;’*(BG) the E,-term of the Atiyah-Hirzebruch type spectral
sequence converging to BP*(BG).

Now we consider BSpin(n), n = 7, 8,9, while H*(BSpin(n); Z/2) for
n < 6 is generated by even dimensional elements. The cohomology
(6.8) H*(BSpin(7); Z/2) ~ H*(BG,; Z/2) ® Z/2[ws]
and Q;wg =0 for 0<i<1 and Q,ws = wgw;. Therefore
(6.9) E}*(BSpin(7)) ~ E}**(BG,) ® Zp)[ws] for r < 2p? -2,

and we get

Eyp2(B Spin(7)) = (Eyp2(BG2) @ B/(2, vi){ws} & B{2w,ws}
® B/(2, vy, vy)[wi{wsws})[wi].
Since Q;wsw; = wiw?, we have
E»p3(B Spin(7)) =~ (Ep2(BG2) @ B/(2, vi){ws} & B{2w ws}
®B/(2, v1, vz, v3)[wi{wiwi})[wil.

(6.10)

(6.11)
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Therefore E,,; ~ E., and the properties (1)—(3), (7) hold for G = Spin(7).
The cohomologies are
(6.12) H*(BSpin(8); Z/2) ~ H*(BSpin(7); Z/2) ® Z/2[ws],
and
H*(BSpin(9); Z/2) ~ H*(BSpin(7); Z/2) @ Z/2[w;s].

We can compute
(6.13)

E;p4(B Spin(8))

o~ (Ezps(B Spin(7)) & E,ps (B Spin(7))' & Ezps (BG)
® (B(2, v, va){wswg} & B{2wswswg}
® B/(2, v1, v2, v3, va)[wil{(wiwg® + wiwg )wi})[wi])[ws],

Ep4(B Spin(9))
=~ (E,p3(B Spin(7))
(6.14) (& (B(2 , U1, 'Uz){'ll)m} (85} B{2'LU4’U)16}
® B(2, vi){wswie} & B{2wswswie}
©® B/(2 » U1, V2, U3, '04)[’w%]{w126w§'w72})[wszl)[w126]
Here we note Q4Q3(wsw}) = (wiwj? + wiwg?)w? and Q403w = wiwlw .
Hence E,,« ~ E, and the properties (1)-(3) and (7) hold.
The cohomology is H*(BFy; Z/2) ~ H*(BG,; Z/2)® Z/2[ X6, X24) . More-
over, i*: H*(BF,; Z/2) — H*(BSpin(9); Z/2) is injective with i*x16 = w6+
- and i*xy4 = wg' +---. We can see that BP*(BF,) has the similar form as
BP*(BSpin(9)) by exchanging wg for x,4. Therefore the properties (1)-(3),
(7) hold for G = Fy.
The cohomology of B Spin(10) and Es are
(6.15) H*(BSpin(10); Z/2)
' ~ H*(BSpin(7); Z/2) ® Z/2[wio, w3,/ (w7wio),

(6.16)
H*(BEg:; Z/2) ~ H*(BSpin(7); Z/2) ® Z/2[wio, Y15, Wiy » V34, Vigl/R,

where R is the relation given Theorem 6.21 in [K-M2]. Since Q,w;o =0 and
Qjwj;, =0 for 0 < j <3 from Theorem 6.7 in [Q2], we get
E5p3(B Spin(10); Z/2)
=~ (E,p3(B Spin(7)) @ BP*[wg , wg, wiol{wio}) ® Z(z)[w3,].
By the similar reason, we get
(6.18)
Eyy3(Es; Z[2) =~ (E,p3(BSpin(7)) ® BP*[wg, wg, wio, Yis{Wio, Y18, V34})
® Z(z)[’wgz R w{,8].
Therefore E,,; ~ E,, and the properties (1)-(3) and (7) hold for G = Spin(10)
and Es.

At last we consider the case G = PSU(4n + 2). The cohomology is known
from [K-M1]

(6.17)

(6.19) H*(BPU(4n+2); Z/2) ~ Z/2[ay, a3, xs , y(I))/R
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where | < k < 2n, I = (iy,...,4) for 1 <ij < -~ < i <2n+1,
il = 43 i, — 2, and R is the ideal generated by as3y(I) and y(I)? +---
and y(I)y(J).

From Theorem 6.10 in [K-M1], xg, is the 4kth Chern class of representation
to U((*%?)). Hence Qmxg =0 for all m > 0. Note that

0 = Qm(asyr) = aza3y1 + a3Qm(V1) = a3Qm(V1)-
The ker-aj is generated by (y(I)), which is even dimensionally generated.
Hence Q,,(y;) =0, for all m > 0. Therefore
(6.20) Ep(BPU(4n +2)) ~ Eyp(BSO(3)) ® Z)[xsk] ® BP*[ay, xg{y(I)}.

Hence (1)-(3), (7) hold also for these cases. A similar result holds for G =
PSp(2n + 1) by using the result [K].

Adams conjectured that for all connected compact Lie group G, the map r
in (3.2) is injective for p > 3
(6.21) r: H*(BG; Z/p) — lim H*(BV ; Z/p).

v

When p = 2 the above r is injective for G = Spin(8n + k), k=1,7,8
mod 8 by Quillen [Q] and for G = SO(n), O(n), G,, F, by Borel [B] and for
G = E¢ by Kono and Mimura [K-M2]. However for G = E; and Spin(11)
the map r is not epic. The cohomology of B Spin(11) is given by

H*(BSpin(11); Z/2) ~ Z/2[ws, we, w7, wg, Wio, W11]/R ® Z/2[wes]
where R = (w; W + Wiowr, Wi, + W wswr + wwsw?) . Put
x = wiwy, + wihwaws + wiowswswg € H3 (B Spin(11); Z/2).
Then
wix = wi(w, + wHwaws + wywsw?) = 0.

Note that x = wy;(w}, + wiowsws + wsw?) and hence x3 = 0. On the other
hand, define a map ¢: H*(B Spin(11); Z/2) — Z/2[ayo, a1]/(a3,) by ¢(w;) =
0 for j =4,6,7,8,64 and by ¢(wy) = @10, ¢(wy1) = a1y . This map is

a ring homomorphism and ¢(x) = a?ya11, ¢(x)* # 0. Therefore x2 # 0 but
x3=0. Hence r(x)=0.

Lemma 6.22. If(6.21) holds, then Conjecture 5 holds, that is, for all odd dimen-
sional elements x € H*(BG; Z/p), there are i such that Qux # 0 for all
m>i.

Proof. The Qm-homology H(H*(BV ; Z/p); Qm) ~ ®Z/[plyi)/(¥7"), |yil =2
from Kiinneth formula. If |x| < |Qn| = 2(p™ - 1), then x ¢ ImQ,, and so
Onx #0.
Corollary 6.23. If (6.21) holds, e.g., G = SO(n), then

p(P(n)*(BG) — H*(X; Z/p)) C H"*(BG; Z/p),
forall n>—1 (where P(—1) = BP).

Remark 6.24. All examples given in §§5 and 6 satisfy the following conjecture
stated in [T-Y]

BP(n-1)*(BG) ~ BP(n—1)" ®gp- BP*(BG) if rank,G < n.
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